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ELECTROHYDRODYNAIKCC INSTABILITIES IN NENATIC 
LIQUID CRYSTALS : 
STABILITY CRITERIA FOR STOCHASTIC EXCITATION 

ULRICH BEHN, REINHARD MULLER, and ADOLP K m E L  
Sektion Physik, Karl-Marx-Universitat Leipzig, 
7010 Leipzig, Karl-Marx-Platz 10, G.D.R. 

Abstract Different stability criteria, as first 
moments stability, energetic stability, and 
sample stability are applied to a linear model 
for electrohydrodynamic instabilities in nematics. 
The influence of boundary conditions ofi 1 n s t . s b i l i -  
ties i s  investigated comparing results for 3 d  4122 
2d theories. 

THE MODEL 

We consider electrohydrodynamic instabilities in ne- 
matic liquid crystals parametrically driven by a su- 
perposition of a deterministic electric field &, with 
a stochastic dichotomous field Ct jumping with mean 
frequency oc between k€. Supposing that the transition 
from the nematic phase towards the Williams domain is 
continuous we investigate the linear model of Dubois- 
Violette et al.’, which can be written as 

i?+ ( A + B &t ) g =  0 

where i? = (9, 91, q is the space charge density, 
the curvature of the angle between the director and 
the electrode plane. A and B are constant 2 x 2  matrices 
specific for Id and 2d theories and depending on 
material parameters, on and on the wave numbers 
k, and k, of the test mode. 

is 
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MOMENT STABILITY 
2 Since Et = c2 = const i t  i s  posaible t o  obtain closed 

equations f o r  the moments of the  form 

( lld/dt + C ) (<G>, <gt $> IT = 0 (2) 

C depends on the  same parameters a s  A and B, and onH. 
For the  first moment , it ie a 4x4 matrix and w=z, for 
the  second moment i t  i s  a 6x6 matrix and $=(q2,q9,'b2). 

The exponential so lu t ions  of  Eq. ( 2 )  a r e  unstable 
i f  the l a r g e s t  exponent has a pos i t ive  r e a l  par t .  The 
threshold value of  the  external  f i e l d  i s  obtained 
a f t e r  minimizing the s t a b l e  region wi th  respect  t o  the  
wave numbers (mode se lec t ion) .  

The s t a b i l i t y  ana lys i s  of the f i r s t  moments f o r  
t he  I d  case2 (no boundary condi t ions)  can qua l i ta t ive-  
l y  explain the  experimentally observed d i r e c t  t ran-  
s i t i o n  towards chaos above a c r i t i c a l  s t r eng th  of t he  
s tochas t i c  f i e l d 3  (Figure 1 ). 

3 4  

6 €2- 
FIGURE 1 F i r s t  moment's threshold curves f o r  
d i f f e r e n t  c(. Typical cases: Discontinuous beha- 
viour  f o r  q = l O  ( s o l i d  arrow), t he  dashed par t  o f  
t h e  threshold i s  observable measuring along the  
dot ted  arrow; continuous behaviour ( a m 3 . 5  and a 
=O.5). For small ccthe noise  i s  destabi l iz ing.  
(Helfr ichs  parameter yz -2.5, arb. uni t  8 )  
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STOCHASTICALLY DRIVEN EHD INSTABILITIES [10171/237 

Since the quant i ta t ive  agreement with the  experiment 
i s  r a t h e r  poor ( the  amplitude threshold is  by f a r  too 
high) we compare within the  same frame d i f f e ren t  
s t a b i l i t y  c r i t e r i a .  

b i l i t y  of  the  second moments) gives always a lower  
threshold with the same qua l i t a t ive  behaviour. 

The energet ic  s t a b i l i t y  c r i t e r i o n  (i.e. the  s t a -  

SAMPLE STA3ILITY 

Introducing polar  coordinates (q,q) - ( r , V )  one ob- 
t a i n s  from Eq. ( 1 )  

= g ( E t , @  r , L4= h(Et,14) (3a,b) 

where g and h a r e  nonlinear functions of Et and'4, de- 
pending on the  same parameters a s  A and B. Eq. (3a)  ia 
l i n e a r  i n  r and can be solved f o r  a given t r a j ec to ry  
of the dr iving process. This leads t o  the Lyapunov ex- 
ponent 4 

t 

the  l a t t e r  equal i ty  holds because of the mult ipl ica-  
t i v e  ergodic theorem of Oseledec. Pd(V) i s  the in- 
var ian t  measure of the j o i n t  process ( & , , v )  which 
can be obtained exact ly  from Eq. (3b). The threehold 
from the  sample s t a b i l i t y  c r i t e r i o n  is always higher 
than f irst  moment's threshold. 

Therefore, and i n  analogy w i t h  the s tochas t i c  
parametric o s c i l l a t o r 5  we propose t o  p re fe r  the  ener- 
g e t i c  s t a b i l i t y  c r i t e r ion .  

above c r i t e r i a  a r e  compared f o r  the  simplest case of 
pure s tochas t i c  exci ta t ion.  

I n  Figure 2 the  thresholds corresponding t o  the  
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0 2ot - 
FIGURE 2 Pure stochastic excitation. Threshold 
correspondin to different criteria (sample (151, 
amplitude ( A  7 , and energetic (E) stability) 
against OL ( y2=3). 

INFLUENCE O F  BOUNDARY CONDITIONS 

Since in I d  theories no boundary conditions appear we 
investigated also a 2d linear theory with the simpli- 
fication of free boundary Conditions, The first mo- 
ment's thresholds are slightly above those of the ld 

0 4 E 2  - 
FIGURE 3 Wave number k for roll cells in 8 2d 
theory against the stochastic part of the 
driving field &2 ( 52=2.38, &=8). 
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STOCHASTICALLY DRIVEN EHD IRSTABILITIES 110191/239 

theory b u t  show t h e  same q u a l i t a t i v e  behaviour ( see  
Figure I ) .  I n  q u a l i t a t i v e  agreement with the  experi-  
ment3 we f i n d  t h a t  the  wave number k, of the  r o l l  
c e l l s  increases  with increas ing  s t rength  of t he  s to -  
chas t i c  f i e l d  (Figure 3 )  a s  wel l  a s  with increas ing  
c o r r e l a t i o n  time of the s tochas t i c  f i e l d  ( i n  the  I d  
model kx i s  always constant) .  

CONCLUDING REMARKS 

I n  a l l  considered cases we a r e  ab le  t o  obta in  r e s u l t s  
which a r e  exact i n  the  frame of the  model. Especial ly ,  
we avoid ' ad i aba t i c '  e l iminat ion procedures. More de- 
t a i l s  w i l l  be published elsewhere . 

To inves t iga t e  the p o s s i b i l i t y  of  a discontinuous 
t r a n s i t i o n  (which would be s igna led  by a h y s t e r e s i s )  
one should t r e a t  a nonl inear  model. 

To explain t h e  appearance of  d i f f e r e n t  pa t t e rns  
along t h e  threshold curve3 i t  would be necessary t o  
t e s t  t he  s t a b i l i t y  of a 3d theory aga ins t  t h e  
corresponding t e s t  modes. 

6 
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